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Abstract It has recently been claimed that relativity’s most famous equation,
E = mc2, has a cosmological basis, representing the gravitational binding
energy for a particle to escape from the origin to a gravitational horizon of
the universe. In this paper, I examine these claims in detail, concluding that
they result from a misinterpretation of motion of particles in the cosmological
space-time, and an incorrect application of 4-vectors. Finally, I demonstrate
that the origin of E = mc2 comes from its usual relativistic interpretation,
namely that it is the energy of a particle as seen in its own rest-frame.
Keywords cosmology: theory
1 INTRODUCTION
Recently, it has claimed that one of fundamental relationships from relativity,
namely E = mc2, has a cosmological basis, interpreting it as “gravitational
binding energy”, the energy needed for a particle to escape from the origin to a
gravitational horizon [1]. In this paper, I briefly outline that these conclusions
are erroneous, resulting from a misinterpretation of the form of the metric and
the normalisation of 4-vectors in general relativity.
The layout of this paper is as follows; Section 2 presents the arguments
laid out in support of a cosmological origin of E = mc2 [1], whilst Section 3
demonstrates the erroneous nature of some of these clams. Section 4 presents
the brief conclusions to this work.
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2 A Cosmic Basis for E = mc2?
The starting point is the Friedmann-Lemaitre-Robertson-Walker (FLRW) met-
ric for a spatially flat universe, with an interval given by;
ds2 = c2dt2 − a2(t)(dr2 + r2dΩ2) (1)
where a(t) is the scale factor whose dynamical evolution is governed by the
Friedmann equations. Here, dΩ corresponds to angular coordinates, which
will be neglected in the remainder of this paper as we will only consider radial
motion.
The key point of the cosmological argument is to rewrite the FLRW metric
in what they term “observer-dependent coordinates” [2], initially defining the
proper radius as R(t) ≡ a(t)r, where r is the radial coordinate in the FLRW
metric (Equation 1), such that
ds2 = Φ
[
1 +
(
R
Rh
)
Φ−1
R˙
c
]2
c2dt2 − Φ−1dR2 (2)
where Rh is the distance to the Hubble sphere [termed the “gravitational
horizon” by 2] given by
Rh =
c
H
= c
a
a˙
. (3)
Here, H is the Hubble constant, and
Φ = 1−
(
R
Rh
)2
(4)
At this point, it should be noted that, based upon this representation of the
cosmological space-time, [2] conclude that Rh represents a previously unrecog-
nised cosmological horizon which, with other arguments, implies that the uni-
verse possess linear expansion, such that Rh = ct. Whilst it has been claimed
that such an expansion history represents a better explanation of observed
astronomical phenomenon [e.g. 3, 4, 5] the underlying interpretation has a
number of mathematical and physical issues that question its validity [e.g.
6, 7, 8, 9, 10, 11, 12]; I will not revisit this discussion here.
Returning to [1], the starting point of their argument is to define the 4-
momentum of a particle to be
pµ =
(
E
c
, pR
)
(5)
where E is the particle energy and pR is the radial component of the momen-
tum, given by pR = mR˙, corresponding to a comoving particle with r = const
in the FLRW space-time (Equation 1); here again I consider only radial mo-
tion and neglected the angular components. By considering the normalisation
of the 4-momentum, given by the invariant contraction pµpµ, such that
Φ
[
1 +
(
R
Rh
)
Φ−1
R˙
c
]2(
E
c
)2
− Φ−1(mR˙)2 = K2 (6)
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where K is an undetermined constant. Noting that, for a comoving particle
and the definition of R,
Rh = c
a
a˙
= c
R
R˙
(7)
then
mR˙ = mc
(
R
Rh
)
(8)
and the energy term in Equation 5 can be expressed as
E2 = (mc2)2
[
1−
(
R
Rh
)2](
K
mc
)2
+ (mc2)2
(
R
Rh
)2
(9)
Clearly, E(Rh) = mc
2 and through an argument with regards to energy con-
servation along a geodesic, [1] deduces that the constant, K = mc, and so the
energy term is E = mc2 all along the particles trajectory.
However, given that Equation 9 consists of two parts, [1] further interprets
this expression a transition from a binding energy when the particle is at the
origin, into a purely kinetic energy when the particle reaches the gravitational
horizon, with the total energy remaining constant as E = mc2.
3 No Cosmic Basis for E = mc2
There are several problems associated with the analysis presented in the previ-
ous section. Before considering these, it’s important to remember key features
of general relativity, namely whilst that the components of any quantity rep-
resented by a 4-vector will be dependent upon the coordinate system it is
represented in, the magnitude of the 4-vector will be invariant between coor-
dinate systems.
Central to following discussion are the properties of the 4-velocity, uµ,
namely
uµuµ = gµνu
µuν = c2 (10)
and 4-momentum, defined by pµ = muµ, such that
pµpµ = gµνp
µpν = (mc)2 (11)
where the right-hand side in each case represents the invariant quantities in
each case. Additionally, the energy of a particle is not an absolute quantity,
but is relative and dependent upon the observer [see 13]. More specifically, the
value of a particle’s energy as determined by an observer is calculated through
the projection of the particle’s 4-momentum onto the 4-velocity of the observer
[see e.g. 14], such that
E = gµνp
µuν (12)
The key point here is that, in general, the components of the 4-momentum
of a particle only has physical meaning when they are projected into an ob-
server’s laboratory frame. Hence the association of the first component of the
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4-momentum given in Equation 5 with the energy of a particle is incorrect in
general space-times.
The first step in approaching this correctly is to determine the components
of the 4-velocity for a comoving particle in the FLRW space-time (Equation 1)
in the metric given in Equation 2. This is
uµ =
(
ut, uR
)
=
(
ut, R˙
)
(13)
where the component ut is determined from the 4-velocity normalisation given
in Equation 10, so
Φ
[
1 +
(
R
Rh
)
Φ−1
R˙
c
]2
(ut)2 − Φ−1(R˙)2 = c2 (14)
This can be written as
ut = c
√
Φ+
(
R˙
c
)2
[
Φ+
(
R
Rh
)
R˙
c
] (15)
This messy expression is simplified through the use of Equation 7 for a comov-
ing particle, with the result at the 4-velocity is given by
uµ =
(
c, R˙
)
(16)
Note that this result is readily apparent from transforming the 4-velocity of a
comoving particle in the FLRW coordinates to the space-time given by Equa-
tion 2. The corresponding 4-momentum of the particle is given by
pµ = muµ = m
(
c, R˙
)
(17)
Using Equation 9, the particle’s 4-momentum can be projected onto its own
4-velocity to determine its energy as seen in its own reference frame, finding,
as expected, that E = mc2. Hence, the conclusion at this point is that the first
term in 4-momentum presented in the RHS of Equation 5 cannot be simply
interpreted as the energy of the particle.
An examination of Equation 9 reveals that radial component of the 4-
momentum, pR, increases with R, such that at Rh,
pµ(Rh) = m(c, c) (18)
and at distances greater than Rh, the spatial component in the 4-momentum
exceeds the speed of light. Does this agree with the assertion in [1] that the
energy of the particle transitions from a rest energy to a completely kinetic
quantity at the gravitational radius? As seen, in projecting the particle’s 4-
momentum onto its own 4-velocity simply gives E = mc2.
What if the particle’s 4-momentum is projected onto the 4-velocity of of
an observer at the origin? Note that this is not physically legitimate as you
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can only project vectors onto each other at the same location, but maybe this
will reveal the energy transition outlined in [1]. Given that the 4-velocity of an
observer at the origin is given by uµ = (c, 0), the projection of a particle with
4-momentum given by pµ = m(c, R˙) will again result in a determination of
the energy to be E = mc2 as the spatial component of the 4-momentum does
not contribute to the calculated energy. Hence, there is no basis for the claim
that there is a transition of the energy of the particle into being purely kinetic
when it reaches, passes through, and travels beyond the gravitational horizon.
It is worth noting at this point that these results are applicable for all co-
moving observers represented as r = const in the FLRW metric (Equation 1),
irrespective of the expansion history given by the scale factor, a(t).
Finally, [1] comments that, in determining the cosmological basis for E =
mc2, it is important to consider who the observer is, suggesting that the view
point in the FLRW metric (Equation 1) and the “observer dependent” coordi-
nates (Equation 2) are distinctly different. However, this is clearly incorrect as,
given that these two metrics are representations of the same underlying space-
time, the observed quantities of equivalent observers in the two coordinate
systems must be identical.
4 CONCLUSION
In this paper, I have examined the recent claim that the relativistic equation,
E = mc2, has a cosmological basis, representing a binding energy that needs
to be overcome for a particle to reach the gravitational horizon of the universe.
I have shown that these conclusions arise from an erroneous use of relativistic
conceptions for particles moving in expanding space-time, and, with the correct
approach, I demonstrated that E = mc2 arises from the place it always has,
from the invariant quantity associated with the relativistic 4-momentum.
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